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Abstract. Potential flows in steady-state conditions are studied in detail in the framework
of the plane Broadwell discrete-velocity mode] of the Boltzmann equation, It is shown that
explicit exact solutions with physical meaning can be obtained in terms of elementary or special
functions. Previously discovered analytical incompressible flows are recovered as particular
cases. New solutions for compressible flows are classified and discussed.

1. Introduction

The first discrete-velocity models of the Boltzmann equation were proposed by Carleman [1]
and Broadwell [2]. This approach to problems of kinetic theory was essentially developed
and generalized in the 1970s [3,4] and has become very popular in the last ten years. In
spite of their visible simplicity, discrete-velocity models are sufficiently complicated from
a mathematical point of view (see [5] for a review). There are many open problems, even
for the quite simple and popular Broadwell model, and some of these problems can be
clarified on the basis of exact solutions. The present paper is devoted to the construction
and investigation of a new class of exact solutions of the 2D stationary Broadwell model.
The first solutions for this model were derived in {6] as particular cases of time-dependent
solutions. It should be noted that such solutions, together with several exact solutions
determined by Cornille for other discrete-velocity models [7], and other earlier discovered
solutions to the Carleman model [8, 9], definitely have common mathematical structure. In
fact, the majority of the known exact solutions for discrete-velocity models belong to the
same class. This was discussed in detail in [10], where other possibilities for constructing
exact solutions were also indicated, in particular stationary potential flows for the Broadwell
model. In the present paper, we realize that idea and construct a wide class of new exact
solutions. It is shown that some of our solutions correspond to incompressible flows which
have been investigated in detail in [10,11]. On the other hand, we provide below more
complex classes of exact solutions corresponding to compressible flows of the Broadwell
gas. The structure of these new solutions and their properties are quite different from those
of the other already known exact solutions.

2. Stationary potential flows for the plane Broadwell model

‘We consider the four-velocity plane Broadwell-model equations in dimensionless form with
velocities rotated by (2j — D)= /4, j = 1,2, 3, 4, with respect to the x axis, and common
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unit speed for the densities f;(x, y) in steady-state conditions

afi 8h _ 8fs B8fi _8fH 8f _ 8fi  Ofs _
o M il Wil TRl i MR T =V2fafa = fi ) @1
For the new dependent variables

p=ft+th+hA+ A v=hHh-h+fA-fa (2.2)

u=%(fl—fz-f3+f4) v=%(f1+fz~fs~f4) 23)

where p is the total density and (u, v) is the mean velocity vector, the governing equations
decouple as

px+py=0 Dx+py=0 Uy +uvy, =0 vx‘+uy=2uu—pp. (2.4)
The general solution of the first two equations has the form
plx,y) = A(x + y) + Bx — y) plx,y}==Alx+y)+ Bx—y) (2.5)
where A = fo + fa and B = f1 + fi are arbitrary smooth non-negative functions. Then
pp=—Ax+ N+ Bx—y)=-200xy) B =0y (2.6)
We now introduce the stream function W(x, y) by [12]
u = W¥y(x, y) v=—¥(x,y) 27

and restrict ourselves to the so-called potential flows. Let @(x, ¥) be a potential function
for our system, i.¢. ¢ satisfies the Laplace equation &, + ®,, =0 and

u=2o.(x,y) = q)y(xu ¥ (2.8)
The complex function of a complex variable
F(@) = ®(x, ) +1¥(x, ) z=x+1iy 2.9

is analytic, since < and W are conjugate harmonic functions, and the velocity components
are defined by 4 — iv = f'(z), or

u = Re f'(z) ve=-—Im f'(z). (2.10)
The last equation in (2.4) can now be written as
Py =P, P, + 8 (2.11)

which, since [f()]? = ®% — tbi — i@, Py and f7(z) = Qpx — iPyy, takes the form

Imlf"(z) — $(F'@2N* = —6(x, 3) (2.12)
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so that the function 8(x, ) also satisfies the Laplace equation as the imaginary part of an
analytic function. This implies that the equations 8., = 8,, = 0 are easily integrated to
yield

8(x, y) = Im(ez® + Bz + ¥) (2.13)

where «, 8, v are arbitrary (complex) constants and Ime = 0.
Setting 8 = 8 + i, ¥ = 1 + 12, and bearing equation (2.6) in mind, the functions A
and B are determined as

Ay =ax*+ B+ B)x+ 1+ N BYy=ax*+ (B —=Bx —m+N (214

where N is an additional real integration constant.
In conclusion, by analytic continuation, the most general class of potential flows for

the stationary Broadwell-model equations (2.1) are described by the nonlinear first-order
equation in the complex plane

@)= NP+ @+ Bz+y)=0 (2.15)
which can be reduced to the linear equation

F'(z) ~ ozt + fz+ y)F(2) =0 (2.16)
by the substitution

(@) = =2In F(2). (2.17)

The general solution of equation {2.16) can be expressed in terms of elementary or special
functions {13], so that a wide class of analytical solutions can be obtained. The distribution
function follows as

u{x, vy + vix, y)
hHlx,y)y= %B(x*y)+——2ﬁ_

ule, yy—vlx,y)
Falx. ¥y = sA(x +¥) — =

2.18
filoy) = LB — y) = DY) (2.18)
3(x, ! 2

u(x,y) —v(x, y)

Nyl ;

3. Positivity conditions

It is ¢lear that only non-negative densities f;(x, y), j = 1,2, 3,4, have a physical meaning.
On the other hand, our solutions depend on the six real parameters in «, 8, 3, N and on two
complex integration constants from the solution of equation (2.16) for F. It is shown here
that, for any given domain D in the complex plane where the function f is analytic, the
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previous free parameters can be chosen in such a way that positivity jis fulfilled everywhere
in D,

First of all, the functions A? apd B2 in (2.14) must be non-negative. This can be
achieved by taking N positive and JTarge enough if D is bounded. The latter restriction can
even be relaxed when o > 0, or when @ = § = (. Moreover, due to equation (2.18), the
functions #(x, ¥) and v(x, ¥} have to satisfy the following conditions

@+v)?<2Bx—y)  (@-v)’ <24%0 +y). 3.1)
Let f(z) be a solution of (2.15). There then exists a positive constant M such that
IFf@P<M  VYeeD. (3.2)

By the same positivity argument as before, and with the same possible restrictions, we can
always choose the number N sufficiently large to satisfy the stronger conditions

Bix—ye2M A+ M x'+iyeD. (3.3)

Then, the positivity conditions (3.1) will also be satisfied for any z € D because of the
standard estimate

(uxv)? <202+ v =2/ @ <2M. (3.4)

Thus, we obtain positive solutions to the Broadwell model for any given solution f(z) of
equation (2.15). Condition (3.2) for the analytic function f(z) is not valid near singular
points (including z = o), so that these points should be considered separately for each
specific function f(z). It is important to stress, however, that for any bounded open
domain D and for any given ¢ > 0, we can choose M in (3.2) sufficiently large to
satisfy equation (3.2} itself for all z € D with the exception of a finite number p of
small neighbourhoods |z — z;| < € of the singular points z; € D, k = 1,2,..., p of the
function f(z).

4. Exact solutions and their classification

We consider equation (2.16) in three different cases: a = § =0,y # 0, ¢ =y = 0,
B#0;,and B =0, @ # 0. It is clear that the general case can be reduced to one of these
cases by a substitution z = 7 + constant.

The simplest case is @ = B = 0, y # 0, and cotresponds to incompressible flows
(o = constant) of the Broadwell gas. We put y = 257 and obtain the general solution of
(2.16), f(z) = —21n[sinh &(z + zo)] + constant, F(z) = —28 cothd(z+zp). It is easily seen
that, by a rigid translation and rotation of the (x, y) plane, we can always refer to the case
when § is real and positive and zg = 0, and that, by a further coordinate scaling, we may
even take 6 = 1. In fact, upon the substitution

8

W(a + iv) Z=28(z+ o) 4.1)

b+iv=

we obtain

R sinh ¥ — isin y
#— it =

_Sinhx-isiny (42
cosh? ¥ —~ cos? § )
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which is a well known solution [5, 11] that corresponds to earlier solutions [8,9] for the
Carleman model. It is clear that even the trivial solution f = —21Inz + constant, relevant
to the limiting case y = 0, yields the non-trivial low described by

. 2 X -1
H—iv=—-— 4
z

et {4.3)
The solutions (4.2), (4.3) and related boundary-value problems were investigated in detail
in the literature, and, therefore, we do not discuss them here. We note only that (4.2},
restricted to £ > 0 and |§] < o, corresponds to gas outflow from a half-infinite channel
through an infinitely small hole in its end-wall, with singular point (sink) at (0,0) and
stagnation points at (0, =x). The solution (4.3), restricted to x > 0, describes the limiting
case of gas outflow from a half-space, with sink at (0, 0). It is worth remarking that the most
general incompressible potential flow for the Broadwell model is amenable, by translations
and rotations, to the above physical situations.

Let us now pass to the cases when o or 8 is different from zero, leading thus to
compressible flows, for which, to our knowledge, exact solutions of the Broadwell mode]
do not exist in the literature. For @ = y = 0, g # 0, equation (2.16} can be cast, by
standard transformations, as a Bessel equation, and, with 8 = 252, the general solution has
the form

F(2) = JZC L3382 + ol 3(382%7)) (4.4)

where I3 is the well known modified Bessel function of the first kind [13]. We can also
use the equivalent representation in terms of Airy functions. In spite of fractional powers,
F turns out to be an entire function of z. By a suitable rotation and rescaling of the (x, y)
plane, we can always reduce the analysis to the case § = 1 (new variables will be labelled
with the old symbols, for convenience}. For brevity, we consider here only the case Cp = 0.
Similar conclusions hold when C; = 0 (notice that the results are independent of C,, or of
(3, respectively). Then, apart from a non-essential multiplicative constant, F(z) is given
by [13]

q1(1-%) 45)

where l?n = —(Bzf,}/ » /2% and z,(,:ﬁ ) m = 1,2, ..., is the countable sequence of the zeros
of the funetion z~'/3J, 3(2). Thus, the solution can be written as

u—iv——:—z—ﬁzzi; (4.6)
B Z m=1 23 - }\'?n .
so that we obtain, in this case, a complex flow with an infinite number (in the whole plane) of
poles 29 = A,, 2t = Anexp(£27i/3), m = 1,2, ..., in addition to z = 0. The behaviour
near each pole can be described by standard methods [12]. Regarding the density, it is
given by

P, Y) =y N+2x+y)+/N+2Gx—y) @.7)

and is positive in the quadrant —(N/2) — x < y < (N/2) + x, increasing when x tends to
+-00.
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In the case g = 0, & 3 0, the general solution of equation (2.16) can be written in
terms of the confluent hypergeometric function ; ;. More precisely

exp(vez /2v2)F(z)

I+ 1 [a 3+ 3 [a
CrlFl ( 45 ¥ 5; \/;Zz + C”Z lFl 4V2a ¥ 5: '2-22 . (4.8)

We may take & = 2, put ¥ = 24 and consider cases with either C’ = 0 or C” = 0 for which
the analytical solution becomes explicit. Note that the particle number density is given by
(2.5) and (2.14), ie.

is given by

P, ) =v2x —¥2+ N —2ImAi+ /2x + )2+ N+ 2ImA 4.9)

where N is an arbitrarily large positive number, increasing when x or y increase. We
describe here some simple cases, resorting to the well known formulae [13] (multiplicative
constants have no influence on « and v)

1F (=0, 3 28 B (x) xR (-, 55 0%) o (6) (4.10)

n=0,1,..., Hy(x) being the classical mth Hermite polynomial. The two linearly-
independent solutions in (4.8) are just

2 )
z 1+4 1 z 3+4 3
() (5P 52)  ee()ea(EERe) e

It is sufficient to consider the case Re A < 0, because the substitution & = —A, 7 = iz does
not change equation (2.16) when 8 = 0. There is, thus, the following countable sequence
of solutions involving polynomials

A=—(2n+1) Fo(z) = Hy(z) exp(~2*/2) n=01,... (412)

for which, in addition, ImA = O (see equation (9)). The velocity-field components are
defined by (2.10), which yields, in the polynomial case,

H, .
u—iv:Z[z-—Zn—Kéz(-;z—)] n=0,1,.... 4.13)
In particular, the first few are
u—iv=2
u——iv:.’Z( -l)
zZ
=2 4z ) 4.14)
R & 222 —1
. 3222 - 1)
u w_z[z 2(222_3)]
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for n =0, 1, 2, 3, respectively. Notice that for n = 0, this is the typical textbook example
of potential flow, where streamlines are hyperbolae and the origin is the stagnation point. In
the other examples, this field is superimposed on increasingly complicated flows, exhibiting
a finite number (equal to the index n) of simple poles located at the zeros of the Hermite
polynomial H, (which are real). In the global field, there are n + 1 stagnation points
corresponding to the zeros of 2 H,(z) —2n H,_|(z). The first superimposed singular field just
coincides with that already obtained in equation (4.3) for different values of the parameters.
Finally, we can describe the elementary solutions (4.13) in terms of the usual Broadwell
model with velocities rotated by jm/2, j = 1,2, 3,4, with respect to the x axis. To this
end, we transform equation (2.1) into new variables
14 x+y s X Ty
7 y 7 (4.15)
and obtain the standard stationary Broadwell equations
afi afs af _ Bfs
E——a—"a—a—fzﬁt hh (4.16)
where the prime has been omitted. In the new setting, the exact solutions (4.13) read as

fix, ) =N +y2 -y +Imy,(2)
f206,3) = VN +x2 —x + Re ¢, )
A =VN+y2+y—Im ()
fa@,y) = VN + 12+ x —Re (2

where z = x + iy and

Ya(z) =exp (—i%)qﬁn [z exp (E)] $a(2) = 2n B0 (4.18)

X

4.17)

4 Hy(2)
form =0,1,.... It is remarkable that, for n = 0, we obtain a local equilibrium solution,
which satisfies identically fi f3 = f2/s. We also note that
e 1
Yal)= -1y — (4.19)

=1 Z—wy o exp(—im/4)

where wf‘) is the kth zero (1 € k € r) of the Hermite polynomial H,(x). The n poles
of the exact solution (4.17) are then localized at the points w,(,"} exp(—im/4). In particular,
there is one pole z = 0 for n = 1, there are two at (1 — i)/2 for » = 2, and so on. In
general, the solution can be written as a sum of the local equilibrium solutior and »n terms
which each correspond to a simple pole. Qualitatively, these solutions are similar (they
differ only in the number of poles) to the simplest case n = 1, which is explicitly written

below

X
— 2 oy —
HE ) =vyN+y' -y eI
LN =VN+x2—x— ——
ey 4.20)
AEN =V +y+ =
xT4 52

f4(x,y)=fo+x2+x+2—y-2-.
xc+y
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For any given ¢ > 0, we can always choose N = N(¢), such that f; > 0, (j = 1,2,3,4)
if (x2 4+ y?) > €% From a physical point of view, equation (4.20) describes the outflow
through an infinitely small sink in the origin, so that the restriction (x2+ y?) > € amounts
to considering the finite size of the hole.

5. Conclusions

Thus, the complete description of stationary potential flows for the plane Broadwell model
is given. These flows can be separated into two classes: incompressible and compressible.
The first class corresponds to elementary transformations of already known exact solutions,
while the solutions of the second class described above are essentially new. The most
interesting and relatively simple solutions of this class are expressed explicitly in terms of
elementary or special functions, and a countable set of rational solutions are described in
section 4. We also proved that all our solutions have a physical meaning, i.e. they correspond
to non-negative particle densities for the Broadwell model on the desired domain, A more
detailed analysis of the physical applications and implications of this model and its exact
solutions will be the subject of a future paper, along the lines of which discrete-velocity
models have already been applied to fluid-dynamical problems in the literature (see, for
instance, [14]). It is worth mentioning here, however, that the reduced dimensionality of
our model is not an actual restriction, since it is easy to check that the more realistic three-
dimensional Broadwell-mode] equations for stationary-plane flows can be reduced in the
general case to the same equations (4.17).
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